The SU (3) Yang-Mills matrix model coupled to fundamental fermions is an approximation of quantum chromodynamics (QCD) on a 3-sphere of radius R. The spectrum of this matrix model Hamiltonian is estimated using standard variational methods, and is analyzed in the strong coupling limit. By employing a matching prescription to determine the dependence of the Yang-Mills coupling constant g on R, we relate the asymptotic values of the energy eigenvalues in the R → ∞ (flat space) limit to the masses of light hadrons. We find that the matrix model estimates the light hadron spectrum fairly accurately, with the light baryon masses falling within 10%, and most light meson masses falling within about 30% of their observed values.
Introduction
Hadrons constitute almost all of ordinary matter, and the study of their properties is of fundamental importance to test the predictions of low-energy Quantum Chromodynamics (QCD). However, the fact that hadrons lie deep in the nonperturbative regime of the theory poses a considerable challenge for theoretical physicists to predict their properties reliably. Much of our knowledge in this regime comes from numerical simulations in lattice QCD, latest results including [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] for light hadron spectrum and [17] [18] [19] [20] [21] [22] [23] [24] [25] for charmed hadrons.
A simple and elegant matrix model of Yang-Mills theory, capable of capturing important topological features of the full quantum field theory, was obtained in [26, 27] . The matrix model corresponds to a dimensional reduction of Yang-Mills theory on S 3 × R, and is a quantum-mechanical model based on 3 × (N 2 − 1)-dimensional real matrices as degrees of freedom. This model proves to be quite good in describing the mass spectrum of glueballs [28] in the low energy regime of pure Yang-Mills theory.
In this paper, we push the SU (3) matrix model further by coupling fundamental quarks. We provide variational estimates for the masses of light hadrons in this model. Specifically, we give estimates for the masses of the light pseudoscalar and vector mesons and spin-1 2 and spin- 3 2 baryons, which turn out to be surprisingly successful.
We have four unknown parameters in the model, namely, the masses m u , m d and m s of the up, down and strange quark, the Yang-Mills coupling g and the radius R of the 3-sphere, which sets the overall scale in the model. To relate the energy spectrum of the matrix model to physical masses of particles, we need to employ a suitable matching scheme, detailed later in the paper, which involves using the observed masses of four hadrons as inputs. Once the matching scheme has been used to fix the unknown parameters and to set the overall scale, the masses of the other particles can be unambiguously determined from the matrix model. 1 Although this use of the matrix model in hadron spectroscopy is new, the model itself has appeared earlier in other contexts. For instance, Myers has studied this model to examine the dynamics of N D0branes in a specific external Ramond-Ramond field [30] . The energy spectrum of this model, however, has not been investigated thoroughly. We do so here using traditional and well-established variational methods.
The paper is organized as follows. In Section 2, we briefly review the pure gauge matrix model of [26, 27] and describe the inclusion of quarks. In Section 3, we review the variational method for energy eigenvalue determination. In Section 4, we set up the mass-matching scheme. Our results are given in Section 5, and a discussion of the results in Section 6.
The Matrix Model with Quarks
The matrix model [26, 27] for pure Yang-Mills theory is constructed by isomorphically mapping the spatial S 3 to an SU (2) subgroup of the gauge group SU (N ), and the pulling back the general left-invariant one-form on SU (N ) under this map. The general left-invariant one-form on SU (N ) can be expressed as Ω = Tr T a g −1 dg M ab T b where g ∈ SU (N ), T a are the generators in fundamental representation, and M is a (N 2 − 1)-dimensional real matrix. Under the isomorphic mapping, the spatial vector fields are identified with iX i , where X i are the left-invariant vector fields in the Lie algebra of SU (2). The pullback of Ω under this map gives the gauge fields as A 0 = 0, A i = M ia T a . The matrices M ia are 3 × (N 2 − 1) rectangular matrices, and represent our gauge variables.
The curvature F ij corresponding to A i is obtained by the pull-back of the curvature associated with Ω to the spatial S 3 :
Then the chromoelectric and chromomagnetic fields read
We ignore the numerical factor in the volume of S 3 and take it to be R 3 . The matrix model Lagrangian is
In the temporal gauge A 0 = 0, the Lagrangian is expanded to obtain quadratic, cubic and quartic interactions in the potential:
To the matrix model Lagrangian (2.5), we add minimally coupled massive 3-flavor quarks Q in the Dirac representation, transforming in the fundamental representation of color SU (3), and flavor SU (3). The spinor Q ≡ (Q f αA ) carries indices f, α and A denoting flavour, spin and colour indices respectively. Under gauge transformations u ∈ SU (3), spatial rotations R ∈ SO(3) and flavour rotations v ∈ SU (3), Q f αA transforms as
The Lagrangian for minimally coupled massive quarks on a sphere is given by [31] 
The last term in eq. (2.16) comes from the non-zero curvature of the spatial S 3 . Both the gauge fields M ia and the quarks b and d depend only on time. M has dimensions of inverse length. To express the Hamiltonian in terms of dimensionless quantities and for computational ease, it is convenient to rescale M → gM R . Also, to make the fermionic variables dimensionless, we
The Hamiltonian then works out to be
where
18)
Here λ a are the Gell-Mann matrices. The Gauss' law constraint is
where the suppressed indices are understood as being summed over. To quantize the system, we impose the canonical commutation (and anti-commutation) relations
and demand that all physical states |Ψ phys be annihilated by the Gauss law:
Total spin, given by
commutes with H and so its eigenstates can be assigned a spin unambiguously.
In the fundamental representation, the generators of flavour symmetry are given by T F ≡ 1 2 λ F , F = 1, ..., 8, λ F being the Gell-Mann matrices. In terms of these generators, we can define the isospin operator I 3 and the hypercharge Y as
These operators also commute with H and so the eigenstates can be assigned isospin and hypercharge. We will also need the fermion number operator
Eigenstates of N Q have a definite number of quarks + antiquarks.
To estimate light hadron masses, we choose a set of variational states {|Ψ n } and organize them according to their spin and flavour quantum numbers. Then, we compute H mn ≡ Ψ m |H|Ψ n and the Gram matrix S mn = Ψ m |Ψ n , defined in section 3, and evaluate the generalized eigenvalues and eigenvectors of H with respect to S. The eigenvalues have functional dependence on the bare parameters of the theory, namely, the quark masses µ f and the coupling constant g, as well as the infra-red cut-off R. To obtain well-defined values for light hadron masses, we need to prescribe a suitable renormalization scheme to determine the flow of the bare parameters with the scale R. A brief description of this renormalization procedure is given in the section 4.
Variational Calculation
To estimate the eigenvalue spectrum of the matrix model Hamiltonian, we use Rayleigh-Ritz variational method. We briefly summarize the steps for the variational calculation in the following paragraphs.
We first construct a trial set of variational states {|ψ i }. Then we consider the following variational ansatz:
To estimate the spectrum, consider the functional
where λ is a Lagrange multiplier for the constraint that the state |χ is normalized to 1. Minimizing this functional wrt c * i leads to the generalized eigenvalue equation,
Thus, the lowest eigenvalue of the matrix H wrt S gives the ground state energy and the higher eigenvalues give the energies of the excited states. Furthermore, the variational states can be organized via their quantum numbers under observables that commute with H, for example total spin, isospin and hypercharge.
H then assumes a block-diagonal form, and each block can be treated separately.
A typical variational state in our ansatz is a combination of a fermionic and a bosonic wavefunction. The fermionic part of the wavefunction can be created by successive operation of the fermion and antifermion creation operators b † and d † respectively on the fermion Fock vacuum, denoted by |0 F . As the bosonic part of the wavefunction, we take eigenfunctions of the 24-dimensional bosonic oscillator, given by
To construct our variational ansatz, we take combinations of different bosonic and fermionic wavefunctions such that the combinationa as a whole transforms as a colour singlet. In this article, we consider fermionic states with up to five fermions, and bosonic states with up to four bosonic oscillators. They are combined in different ways to give 449 variational states in the ansatz for scalar mesons, 1017 states for vector mesons, 449 states for the baryon octet and 604 states for the baryon decuplet.
The procedure for constructing the variational states is outlined briefly in Appendix A, where we also list all linearly independent fermionic and bosonic wavefunctions in our ansatz.
Light Hadrons from the Spectrum of H
The energy eigenvalues of H in general have functional dependence on four parameters in our theory, namely, the quark masses µ f , f = 1, ..., 3 and the coupling constant g. As an approximation, we take the bare masses of the up and down quarks to be the same. Thus, we have two mass parameters, µ ≡ µ u/d and µ s , and the coupling constant g. We also have a length scale in our theory, which is the infrared cut-off R. The bare parameters µ, µ s and g have no physical meaning. To obtain meaningful results in the flat-space, or R → ∞ limit, the bare parameters are chosen to depend on R in such a way that the energy eigenvalues asymptote to fixed numbers at large R.
The model takes into account only the zero mode sector of the full quantum field theory. The (renormalized) zero-point energy of the higher momentum modes of the full quantum field theory can at most change the spectrum of our Hamiltonian by an overall additive constant C(R). Energy differences, of course, will not depend on C(R).
Energy eigenvalues of (2.17), taking into account the shift C(R), have the functional form
where k denotes the quantum numbers (spin, isospin etc.) assigned to the corresponding eigenstates, and n labels all the eigenstates with the same quantum numbers. Let us look at the eigenvalues corresponding to four particles labeled by (k i , n i ), i = 1, ..., 4. We can define two ratios of the energy differences, which has functional dependence only on µ, µ s , g:
We now demand that the two ratios be fixed to their observed values for all g. In other words, we look for solutions to the set of equations,
where R obs denotes the observed values of the two ratios. Solving (4.4) gives us two functions µ(g) and µ s (g). With this choice of µ(g) and µ s (g), the ratio of the energy differences between any two pairs of particles can be computed. In particular, let us define
where x = 1, 2, 3, 4. We observe that for each x, R x (g) approaches a well-defined asymptotic value for large g. These ratios are predictions of our model and listed in Table 3 .
Let us now see how to determine the mass differences themselves. To this end, let us look at a particular energy difference, say between particles 1 and 2, and substitute the functions µ(g) and µ s (g) in its expression:
We again demand that for all R, ∆E 12 be fixed to ∆M obs 12 , the observed value of the mass difference of particles 1 and 2. ∆M obs 12 is given in terms of a physical unit l (like MeV −1 ). Then, in terms of x ≡ R l , the energy difference is
The equation
implicitly determines the function g(x), which in turn determines µ(x) = µ(g(x)) and µ s (x) = µ s (g(x)). We will refer to (4.4) and (4.8) as mass-matching conditions. In practice, it is easier to determine x as a function of g: inverting (4.8), we obtain
This enables us to express the mass difference of a particle x and particle 2 in terms of the corresponding mass difference ratio R x :
Finally, to determine the actual masses of our particles, we set the asymptotic value of E k 2 n 2 to the observed mass of that particle from experimental data. This amounts to fixing the value of the additive constant C, which is the only parameter left in the theory to adjust.
Thus, by choosing the observed masses of four particles as inputs, we have determined the four functions, namely, µ(x), µ s (x), g(x) and C(x). This enables us to predict the absolute masses of the other particles unambiguously.
Results

Identification of the Particles
Once we have determined the variational Hamiltonian H of (3.3), we proceed to compute its generalized eigenvalues and eigenvectors, and identify the quantum numbers associated with them. Parity is not a good symmetry of the Hamiltonian due to the cubic term in H Y M and the fermion curvature term H c . We do note that the expectation value of the parity operator in any eigenstate does asymptote to ±1 in the large g limit, but this value is sensitive to the variational ansatz. Thus we cannot assign parity unambiguously in the current level of approximation.
We can, however, make two important qualitative predictions from our model:
1. The Hamiltonian is symmetric under charge conjugation, which takes M ia T a → −M ia T * a and Q → iγ 2 Q * . Therefore particles and their antiparticles have the same energy. Similarly, the expectation values of various other quantum numbers, namely, spin, isospin and hypercharge are well-defined for all g, because the corresponding generators commute with H. This enables us to assign these quantum numbers to the states in our multiplets. As a first qualitative test of our model, we find that the quantum numbers assigned to the lowest flavour multiplets, in both the baryonic and mesonic sector, follow the same mass hierarchy, and exactly match with the corresponding particles observed in nature.
Any variational eigenstate is a linear combination of states with different number of quarks and
antiquarks. Nevertheless, the expectation value of the fermion number operator N Q in such an eigenstate is well-defined. We find that in the large g limit, the lowest flavour multiplet in the mesonic sector has N Q = 2.00042 and in the baryonic sector has N Q = 3.00040. We thus identify 7 them with the lightest mesons and baryons respectively. We illustrate this for the pseudoscalar and vector meson octets in Fig. 1 , and baryon octet and decuplet in Fig. 2 . Figure 1 : A plot of N Q vs g for the mesons 
Mass-Matching, Predictions and Error Analysis
Following the argument outlined in section 4, we choose the observed masses of the pion, the ρ-meson, the Λ baryon and the ∆ baryon as inputs and solve (4.4) and (4.8). We take their experimental masses from the particle data booklet [32] : m π = 138.04 MeV, m ρ = 775. 16 MeV, m Λ = 1115. 16 MeV and m ∆ = 1232.00 MeV. Because we have taken the masses of the u and d quarks to be the same, isospin symmetry is exact, and particles in the same isospin multiplet have equal masses. Thus the experimental numbers quoted are the average value of the masses of all particles in the same isospin multiplet. We first determine the functions µ(g) and µ s (g) by fixing two mass-difference ratios to their experimental values:
Since (5.1) and (5.2) are non-linear equations involving eigenvalues of very large matrices, it is not easy to obtain analytic solutions. However it is fairly easy to solve them numerically for a discrete set of values of g. As shown in Fig. 3 , the functions µ(g) and µ s (g) asymptote to definite values for large g. With this choice of scaling functions µ(g) and µ s (g), the other mass-difference ratios also asymptote to constant values. We demonstrate this graphically for a few of the particles in Fig. 4 below. Figure 4 : Plot of R x vs g for some particles x. We show the asymptotic behaviour of R x for three of the baryons, namely, the nucleon, the Λ 0 and the Ξ baryon.
To determine the actual masses, we use m π =138.04 MeV and m ρ =775. 16 MeV, and predict the masses of the other hadrons.
Before we report our predictions, we would like to say a few words about the choice of input masses and error analysis. Different sets of input particles lead to slightly different predictions for the masses of the other particles. For each input set, we can compute the chi-squared (χ 2 ) value of our predictions, with χ 2 defined as
(5.4)
Here, M i mm and M i obs are the predicted and observed masses of the i th particle respectively. In Table  1 below, we provide a list of typical χ 2 values for various choices of inputs. This justifies our choice of π, ρ, Λ, ∆ as inputs because it minimizes χ 2 .
In the above discussion, we have set the values of our input masses to their exact quoted observed values. However, in principle, there are two important sources of mismatch of our model with nature. One source of mismatch is of course the truncation of our variational ansatz at the level of four-boson and fivefermion states. The other source of mismatch lies in the fact that the matrix model is an approximation of the full QCD. These two sources of mismatch effectively induce error bars in the input masses, which in turn propagate and give error bars for our predictions.
Although quantitative error analysis of variational estimates is notoriously difficult, we can make a rough estimate of the input errors by varying our input set. We do this in the following way: we choose a larger set of input particles, namely, π, ρ, Λ, ∆, Σ * and Ξ. Out of this set, we can make 15 independent 
Results
Our results are given in Tables 3, 4 and 5. In Table 3 , we report the asymptotic values of the mass diference ratios R x for all the light mesons and baryons (except the ones used as inputs) from the matrix model, as well as their observed values. In Tables 4 and 5 , we present the matrix model predictions for the light meson and baryon masses from our model and compare these with the observed values taken from the particle data booklet [32] . We also give the percentage error by which our results (central values) differ from the observed values. Fig. 5 gives a summary of our results.
Matrix Model Prediction
Experimental Value 
Discussion
We observe that the matrix model predicts light hadron masses with fair accuracy, with most masses lying within 20% of their observed values. The predictions for baryon masses are especially good, with surprisingly small errors. We do not make a correct prediction for the masses of the η and η mesons: their values are underestimated by about 300 MeV. The root of this issue lies in the fact that the matrix model predicts a different quark content for the η and η mesons from the Standard Model. To elaborate, the quark model predicts the particles η 8 = 1 √ 6 (uū + dd − 2ss) (6.1) and
The η and η mesons are expressed as the linear combination
where θ P ∼ 13.3 • is the mixing angle [33] . The mass eigenstates corresponding to η, η in our matrix model, however, have a different quark content, which is roughly
This discrepancy occurs because the matrix model seems to be insensitive to the effect of the U (1) A axial anomaly [34] [35] [36] at the current level of approximation. As stated in [37, 38] , if the axial anomaly-induced effective gluon mass term is too small, the eigenstates of the mass matrix correspond to hypothetical particles η q and η s , which have the same quark content as η mm and η mm respectively in (6.4), their masses being M q = m π , (6.5)
where m π and m K are the masses of the pion and kaon respectively. Therefore, the masses of the η and η meson predicted from the matrix model should really be compared with the masses of the hypothetical η q and η s mesons from (6.6). This comparison is given in Table 6 Table 6 : Comparison of the η and η masses in the matrix model with the η q and η s masses.
This is an issue that requires further investigation and for this reason, we have excluded the η and η meson in the calculation of χ 2 in Table 1 .
At this level of approximation, we have considered variational states with up to only 4 bosonic oscillators and 4 fermions. Our use of resources, both computational and human, has been modest.
Our estimates are expected to improve if we increase the size of our variational trial set by including states with up to 6 bosonic oscillators and 7 fermions. This larger trial set has several thousand states and involves computations with very large matrices. This requires more efficient numerical codes to be developed for the matrix element computation as well as enumeration of states, and is the focus of our future research.
The next lowest flavour multiplet in the mesonic sector has N Q = 3.9999, and in the baryonic sector has N Q = 4.9999, as seen from Fig. 6 . These are candidates for light exotic hadrons, i.e., hadrons
Next lowest baryon octet
Next lowest meson octet Figure 6 : A plot of N Q vs g for the next lowest meson and baryon octet with more than three quarks [39] . These are tetraquark and pentaquark states, with quark contentandrespectively. Light tetraquarks were first discussed by Jaffe [40] in the context of the bag model [41, 42] , where he suggested the existence of a tetraquark nonet with mass below 1 GeV, and proposed this as a model for the light scalar mesons. The matrix model prediction for the masses of these particles are about 2.5 GeV. This estimate is expected to improve considerably when we include more states in the trial set.
A Variational States for the Light Hadrons
A.1 Fermionic states
We denote the fermion vacuum by |0 F . Fermionic states can be created by acting on |0 F successively by the fermion or the antifermion creation operator b † and d † (with the indices suppressed for convenience). A fermionic state can be assigned the quantum numbers (f, s, c), denoting its representation under flavour SU (3), spin and representation under colour SU (3) respectively. A quark state, b † |0 F , is denoted by the quantum numbers (3, 1 2 , 3) and an antiquark, d † |0 F by (3, 1 2 ,3). A "mesonic" state is created by acting on |0 F by a pair of quark and antiquark creation operator. Taking a tensor product of the representations gives us all possible ways such a state can transform;
This gives the eight possible mesonic states in the ansatz, transforming as (1,0,1), (1,1,1), (1,0,8), (1, 1, 8) , (8,0,1), (8, 1, 1) , (8, 0, 8) and (8, 1, 8) respectively.
The interaction term of the Hamiltonian connects a mesonic state to a state with a pair of mesons. Such states can be created by applying on the vacuum two successive meson creation operators. A tensor product decomposition of two mesonic representations gives
Since the interaction term is a flavour singlet, only those states contribute to a given meson mass whose flavour quantum number is the same as the corresponding meson state. So, we are only interested in the states with f = 1 or 8.
The above counting actually gives more states in a particular representation than are actually in the ansatz. For example, looking at (A.2), there seem to be 16 possible states transforming as (8, 0, 1). However, only 4 of them are linearly independent.
A "baryonic" state is created by acting on |0 F by three quark creation operators. Taking a tensor product of three quark representations, we find
These states are also organized according to their flavour quantum number. In particular, we organize the states into a baryon decuplet and a baryon octet.
The interaction term H int in (2.21) connects a baryonic state to a state created by applying on |0 F a baryon and a meson creation operator successively. Again, a naive counting by taking the tensor product of representations gives many more states than are linearly independent.
A list of all the linearly independent fermionic states used to create the variational ansatz for light hadrons is given below. Fermionic states are organized according to their quantum numbers (f, s, c). According to the quark content, the states are referred to as mesonic, di-mesonic, baryonic and mesonbaryon states. Generators of rotation are denoted by τ i = 1 2 σ i and generators of colour by T a = 1 2 λ a . Also, generators of the flavour symmetry are denoted by T F = 1 2 λ F . For notational convenience, spin-2 states are written with two free adjoint indices i, j. A spin-2 state can be constructed from a state |ψ ij with two free adjoint spin indices as
Similarly, a state transforming in the representation 27, 10 or10 under colour is also written with two free adjoint tensors. The states with definite colour can be constructed as follows;
Note that since the 10 and10 representations are conjugate to each other and orthogonal, they can be combined into a 20 ≡ 10 ⊕10.
Meson and di-meson states are organized under flavour SU (3) as an octet or a singlet.
(1,1,1):
(1,2,1): 1,1,8) : 1,2,8) :
(1,0,27⊕20):
(1,2,27⊕20):
10. (8,0,1):
